THE dielectric properties dictate how electromagnetic energy is transmitted, absorbed, and reflected in the presence of biological tissues [1] . These properties, namely, the relative permittivity ( ) and the conductivity ( ), are inherent characteristics of all tissues. Knowledge of the dielectric properties is of vital importance for dosimetry studies, optimisation of wireless telecommunication devices, and for the design and application of novel electromagnetic (EM) medical devices [2] [3] [4] [5] [6] [7] [8] .
the complex permittivity, to be recorded. Despite the apparent simplicity of the dielectric measurement process, historical reports have produced dielectric studies with conflicting results, most notably for highly heterogeneous tissues such as the breast [9] [10] [11] [12] [13] [14] . These inconsistencies are mainly attributed to the fact that the coaxial probe is designed to measure homogeneous materials [15] , and there is no standard procedure for measuring or interpreting the dielectric data for heterogeneous tissues. These inconsistencies present a serious problem for medical device researchers, as the true dielectric properties are unclear and therefore provide an unsatisfactory foundation for medical device design.
In order to attribute dielectric properties to heterogeneous tissues, researchers may conduct histological analysis [9] [10] [11] . Histological analysis provides information on what tissue types are present in a sample, and in what distribution or layout. This information can then be related to the dielectric properties. In order to perform histological analysis, it is necessary to identify a region of the sample, the 'Histology Region', which will undergo the histological analysis, and to which the dielectric measurement corresponds. This region should encompass the volume of tissues which contribute to the dielectric measurement. Errors may be introduced into dielectric measurements of heterogeneous tissues when histology is not conducted (therefore it may not be clear which tissue or tissues contributed to the measurement), or when the region that undergoes histology is not accurately defined. In these situations, the dielectric data may not be correctly attributed to the tissues that resulted in the dielectric measurement.
The significance of the Histology Region is depicted in Figure 1 . This image is a stained 2-D slice of a heterogeneous tissue sample, with different tissues types clearly visible by their different colors, sizes, and shapes. This image shows histology of a salivary gland sample, with carcinoma present. However, the figure should be taken as an illustrative example that applies to all heterogeneous tissues.
As marked on Figure 1 , the Histology Region is a cylindrical volume, comprised of the histology radius, r h , in the radial direction from the probe tip, and the histology depth, d h , in the longitudinal direction from the probe tip. As can be seen from Figure 1 , if r h or d h are incorrect, then the Histology Region either includes tissues which did not contribute to the dielectric measurement, or does not include all of the tissues which did contribute. In either case, the dielectric data is not correctly matched with the tissues that contributed to that dielectric measurement. For example, if the tissue within the Histology Region is composed of 75% adipose tissue and 25% glandular tissue, then the interpretation of the dielectric properties must reflect that.
However, the process of attributing dielectric properties to heterogeneous tissues is not straightforward. Recent studies [16, 17] suggest that the tissue closest to the dielectric measurement location (i.e., at the probe tip) contributes with disproportional dominance to the measured dielectric properties. This effect must be taken into consideration in order to have accurate interpretation of dielectric measurements of heterogeneous tissue samples.
In this work, we aim to provide a step towards achieving the goal of accurate correspondence between heterogeneous histology and dielectric measurements. In particular, we use samples of different combinations of phantoms and biological tissues, measure the histology depth, then calculate the weight of each tissues' contribution to the measured dielectric properties. We also calculate the volume occupied by each tissue, and compare this to the weight of contribution to the measured dielectric property. We find that this relationship is nonlinear, and model it using a logistic function, enabling correspondence between the tissue composition and the dielectric properties. Thereby, we enable modeling of the effect of longitudinal heterogeneities on the dielectric properties measured with an open-ended coaxial probe for the first time. This work provides the foundation for future studies to design a protocol for corresponding histology to dielectric measurements. A histological slice from a heterogeneous tissue sample of acinic cell carcinoma (slice from [18] ). The black oval indicates the dielectric probe position on the surface of the sample; the black outline indicates the Histology Region. The Histology Region is delimited by the histology depth (d h ) in the longitudinal direction and the histology radius (r h ) in the radial direction from the probe tip.
The paper is organized as follows: In Section 2, the dielectric measurement set-up is introduced and the phantom and tissue samples are described. Then, the histology depths are determined for each measurement scenario. In Section 3, the calculations for the contribution of each tissue to the dielectric properties are presented, along with the equation for obtaining the volume occupied by each tissue within the bulk sample. Next, in Section 4, the dielectric measurement data is presented along with the weights of each tissue's contribution to the dielectric data and the volume occupied by each tissue. In Section 5, a model is introduced that enables correspondence between the contribution to the dielectric data and the tissue volume. Finally, in Section 6, the model application is discussed, along with an interpretation of the results. The paper concludes in Section 7.
MATERIALS AND MEASUREMENTS
This section details the dielectric measurement set-up, the materials and tissues that are used in measurements, and the Histology Region.
DIELECTRIC MEASUREMENT SET-UP
Dielectric measurements were performed using the Keysight slim form probe (diameter 2.2 mm) connected to the Keysight E5063A network analyser. This probe was selected as its small diameter makes it optimal for measuring small tissue samples, and it is commonly used in the literature for this purpose [11, 12, 19, 20] . The probe was calibrated using the standard three-load calibration procedure.
The uncertainty of the measurement system was characterized after calibration by performing repeated measurements on a standard material of known dielectric properties (0.1 M NaCl). Using this data, the total combined uncertainty (TCU) [21] was calculated for both the relative permittivity and the conductivity. The TCU is calculated as the square root of the sum of squared distinct uncertainties, and includes Type A (repeatability) and Type B (accuracy) uncertainties related to the measurement set-up. The TCU was found to be 2.1 for relative permittivity and 3.4 for conductivity. These values give the measurement uncertainty of the system. Specifically, the breakdown in uncertainty is: repeatability within 2.1% and 2.3%, and accuracy within 0.26% and 4.2%, for and , respectively. As the relative permittivity measurement is less affected by uncertainty, calculations for histology depth are based only on this parameter.
Measurements were recorded with 101 linearly spaced frequency points over 300 MHz -8.5 GHz. This bandwidth was selected as it encompasses the frequencies of interest in many microwave medical applications. For example, it includes most microwave imaging systems, with frequencies spanning 1.3 GHz to 8 GHz [2] , [4] , [22] [23] [24] [25] . It also encompasses general ablation systems (2.45 GHz, [7] , [20] ) and proposed breast hyperthermia (4.2-4.5 GHz, [6] ). Since the breast is a highly heterogeneous organ that is commonly investigated, accurate knowledge of the Histology Region is particularly relevant.
In order to examine heterogeneous tissue structures, a measurement tank was developed based on the one in [17] . Within the tank, a solid material is placed on the bottom, surrounded by a liquid. The probe is inserted into the tank and immersed in the liquid. The probe is attached to a micrometer caliper which enables fine vertical movement. A diagram of this set-up is shown in Figure 2 . With this set-up, tissue samples that are heterogeneous in the longitudinal (depth) direction are generated by varying t 1 , i.e., the thickness of Tissue 1 (the liquid), which is also equal to the distance between the probe tip and the surface of Tissue 2 (the solid). In other words, each unique t 1 defines a unique heterogeneous sample containing various proportions of Tissue 1 and Tissue 2.
In this study, several different materials for Tissue 1 and Tissue 2 are investigated. While emphasis is given to measurements conducted with actual biological tissues, we also examine data obtained with other materials in order to achieve a more thorough understanding of the effect of material contribution to the dielectric properties. Thus, for simplicity, "Tissue 1" and "Tissue 2" are used to represent the layers regardless of whether they are actual tissues or other materials. 
MATERIALS AND MEASUREMENTS
Tissues and materials used in the experiment are selected so as to maximize the range of tissue properties and dielectric contrasts involved in the measurement scenarios.
A summary of the measurement scenarios is provided in Table 1 . The first three scenarios (S1, S2, and S3) involve material combinations that are not composed fully, or at all, of biological tissues; whereas the final two scenarios (S4 and S5) involve only biological tissues. The materials involved in these measurements are: deionized water, physiological (0.9%) saline, acrylic, a rubberbased tissue-mimicking phantom, porcine muscle, porcine fat, and duck fat.
The porcine tissues are freshly excised samples that have never been frozen, and no additional tissue processing is performed except to slice (using a scalpel) the tissue samples into thick slabs for use in the experiment. Whereas the porcine fat was not processed, the duck fat was refined to remove impurities. As a result, these two types of fat have significantly different dielectric properties.
The tissue-mimicking phantom is based on those developed in [25] , and has a stable, solid structure. In particular, the phantom is composed of polyurethane, carbon black and graphite. First, the polyurethane is mixed (from part A and part B polyurethane components), then the carbon black and graphite powders are added [25] . The mixture is transferred to a mold in which the phantom is allowed to set prior to usage.
Measurements across all scenarios were performed at room temperature (22 o C) in a climate-controlled room. Both room temperature and the temperature of each sample was recorded at each measurement instance, and verified to be stable. The Hanna Checktemp1 EN13485 steel probe thermometer was used for measuring room temperature and the sample temperature of liquids; while the Precision Gold Infrared Thermometer N85FR was used for tissue and phantom samples.
The mean measured relative permittivity and conductivity for the biological tissues are plotted in Figures 3 and 4 , respectively. The mean dielectric properties are obtained across ten measurements conducted on each tissue type. The standard deviation of the measurements, for both relative permittivity and conductivity, are noted in the captions of Figures 3 and 4 .
For the remaining non-biological materials involved in the experimental design, the mean relative permittivity obtained over 10 measurements is 79, 2.25, 376, and 76, at 300 MHz, for deionized water, acrylic, phantom, and physiological saline, respectively. At 8.5 GHz, the relative permittivity for the acrylic remains constant. For water, phantom, and saline, the relative permittivity at 8.5 GHz drops to 66, 58, and 64, respectively. In all cases, the standard deviation for these measurements is within the measurement uncertainty of the dielectric measurement system. Relative permittivity ( ) for the three tissues used in the experiment: porcine muscle (orange, dashed line), porcine fat (blue, dasheddotted line), and duck fat (green, dotted line). There is a high contrast in the relative permittivity of muscle to either fat tissue, and a lower contrast between the two types of fat. For these measurements, the standard deviation for porcine muscle is 3.7 at 300 MHz and 2.7 at 8.5 GHz, decreasing monotonically across the frequency range. Similarly, the standard deviation for porcine fat is 2.5 and 1.6, respectively, and for duck fat is 0.007 and 0.005, respectively, at the lower and upper frequency limits.
Using these materials, we can therefore vary the magnitude and contrast of Tissue 1 and Tissue 2 across measurement scenarios. For S1, the contrast in relative permittivity is high, at approximately 35:1 at 300 MHz, decreasing to 29:1 at 8.5 GHz. The contrast is slightly lower but still high for S2, at 27:1 for 300 MHz and 22:1 for 8.5 GHz. Uniquely, S3 has a moderate contrast (5:1) at low frequencies, but due to the dispersive properties of the phantom and saline, it has low contrast (1.1:1) at high frequencies. Next, S4 has also moderate contrast, varying from 18:1 at 300 MHz to 15:1 at 8.5 GHz. Lastly, S5 is the lowest contrast scenario at the lower frequencies, with 4.3:1 at the lower frequency limit and 3.9:1 at the upper frequency limit.
For each scenario listed in Table 1 , a set of bulk tissue samples is obtained, i.e., the two constituent materials remain the same across all measurements within a scenario, while the thickness of Tissue 1 is varied to obtain different bulk tissue samples. We note that for all scenarios, the increments in measured thicknesses t 1 over a given measurement set are not evenly spaced, as movement of the probe cannot be controlled to sub-mm precision with the current set-up. This, however, does not present a problem as the magnitude of the thickness is easily and precisely measured post-moving of the probe, and a good resolution of distances is obtained. The thickness values are concentrated over distances where the change in permittivity is highest (this range of distances varies based on material properties).
Each set of measurements is repeated 15 times to ensure repeatability; however, the thicknesses of Tissue 1 are not exactly the same in each set (for the reasons discussed in the previous paragraph). Only one set of measurements is used in the analysis -that which has the largest number of points of thickness of Tissue 1. This is important as a higher number of points leads to curves that have higher resolution of information, and this is key when characterizing curves with sharp variations in the dependent variable. Conductivity for the three tissues used in the experiment: porcine muscle (orange, dashed line), porcine fat (blue, dashed-dotted line), and duck fat (green, dotted line). For these measurements, the standard deviation for porcine muscle is 0.02 at 300 MHz and 0.96 at 8.5 GHz, increasing monotonically across the frequency range. Similarly, the standard deviation for porcine fat is 0.27 and 0.68, respectively, and for duck fat is 0.005 and 0.005, respectively, at the lower and upper frequency limits.
HISTOLOGY REGION
Histological analysis is conducted on tissue samples in order to determine the types and distributions of tissues present within a bulk tissue sample. This process typically includes preservation of the tissue sample, embedding the sample in wax, then slicing it thinly, staining the slices, and digitally imaging and marking the cells.
For dielectric studies, the Histology Region is defined as the volume within a tissue sample that is subjected to histological analysis. Performing histological analysis on the entire volume of a sample is not necessary for dielectric studies, as the dielectric probe has a limited measurement volume.
The Histology Region is given by the histology depth (d h ) and the histology radius (r h ). Together, these two parameters define a cylindrical volume. The tissues occupying this volume contribute to the dielectric measurement. Outside of this volume, tissues do not contribute to the dielectric measurement. The size of the Histology Region depends on the composition of tissues within the sample, namely, the magnitude of the dielectric properties of the constituent tissues [26] .
In this work, the sample heterogeneities are restricted to the longitudinal (depth) direction from the probe tip, and all samples are homogeneous in the radial direction to well beyond the extent of the histology radius. Therefore, this study focuses on the histology depth. We note that both Tissue 1 and Tissue 2 are sufficiently large that reflections from the radial edges are not seen in dielectric measurements.
The histology depth is determined based on the technique suggested for quantifying the sensing depth of the dielectric probe in [27] . In this way, the dielectric probe is positioned in the tank in contact with Tissue 2, surrounded by the background liquid of Tissue 1. Then, the probe is moved away vertically in small increments until the presence of Tissue 2 is no longer detectable in the measured dielectric properties. In [27] , a 10% threshold was used to define the limit of 'detectable', i.e., Tissue 2 is detectable if the presence of Tissue 2 induces a change of more than 10% in the measurement, from the properties of the background liquid (Tissue 1). Here, however, we define the histology depth as the depth at which Tissue 2 ceases to contribute to the measured dielectric properties, within the uncertainty of the measurement.
The measurement set-up with the tank, as described above in Section 2.1, results in heterogeneous tissue samples as shown in Figure 5 , with the histology depth marked. From the diagram, it is evident that the measurements are performed on samples composed of bilayered material structures. This type of investigation of bulk heterogeneous samples that are composed of homogeneous layers has often been a test scenario in the field of dielectric spectroscopy [17, [28] [29] [30] , and is useful in a wide range of studies including to quantify the sensitivity or specificity of the dielectric probe [28] and to quantify the material properties of the individual layers based on the reflection coefficient measurements [29] .
From the diagram in Figure 5 , it is clear that the thickness of Tissue 2 that is within the histology depth may be smaller than the actual thickness of Tissue 2. The thickness of Tissue 2 that lies within the histology depth is given by t 2 . The thicknesses of the two tissues within the histology depth occupy this depth fully, i.e., t 1 + t 2 = d h . In Table 2 , the measured histology depths are provided for each heterogeneous sample scenario, at both the lower and upper frequency limits. For all scenarios, the histology depth decreases with increasing frequency. The percent difference between the histology depth at 8.5 GHz and the histology depth at 300 MHz is also provided in the table. The largest absolute change with frequency occurs for S3, where the histology depth decreases by 0.63 mm from 300 MHz to 8.5 GHz. However, for the two scenarios that involve exclusively biological tissues (as opposed to phantoms), i.e., S4 and S5, the histology depth decreases by less than 2% with increasing frequency. As a result, the histology depth can likely be assumed constant across frequency for these scenarios. By taking the average histology depth across frequency and applying it to all frequencies, the error in d h is less than 0.48% for S4 (fat and muscle) and less than 0.81% for S5 (porcine fat and duck fat). This magnitude of error is negligible, i.e., within the error anticipated by measurement uncertainty. 
TISSUE CONTRIBUTION TO DIELECTRIC PROPERTIES
In order to attribute dielectric measurement data to heterogeneous tissues, it must be clear which tissues have contributed to the dielectric data and in which proportions. In this work, we examine the two ways that tissues may be characterized as contributing to measured dielectric properties: i) based on the contribution of the dielectric properties of each individual tissue to the bulk dielectric properties, and ii) based on the volume that each individual tissue occupies within the bulk tissue sample.
It has been typical to state [9, 10] , for example, that a bulk tissue sample is composed of 75% fat tissue and 25% glandular tissue, and thus the measured dielectric properties are proportionally resultant from that tissue composition. However, recent studies [16, 17] , have suggested that there is not a linear proportionality of contribution, specifically, tissues closer to the probe tip contribute to the dielectric measurement more than tissues further from the probe tip. This finding suggests that the contribution of tissues to the dielectric data is not equal to the proportion of volume occupied by those tissues in the Histology Region.
In this section, the calculation for dielectric contribution (i) is presented first, followed by that of the volume contribution (ii). Then, in Section 4, we determine these contributions for each of the measurement scenarios and compare them to investigate the relationship between them.
DIELECTRIC CONTRIBUTION
The measured dielectric properties of a heterogeneous tissue sample, as shown in Figure 5 , are a result of the dielectric properties of the materials within the Histology Region. The measured dielectric data, , for a fixed sample composition, can be attributed to a combination of the dielectric properties of Tissue 1 and Tissue 2 as follows: , is the weight of the contribution of the dielectric properties of Tissue 1, and the weight of the properties of Tissue 2, to the measured dielectric properties of the bulk sample. Since there are only two materials present in the vicinity of the probe, their combined contribution must match the total contribution, i.e., .
Combining equations (1) and (2), the weights can be solved for directly using: ,
and .
When Tissue 1 is sufficiently thick that Tissue 2 no longer influences the measured dielectric data, then = 0, and . Similarly, when the probe is in direct contact with Tissue 2 (i.e., at t 1 = 0 mm), then = 0, and
It is important to note that the weight of contribution of each tissue to the dielectric properties is also dependent on the heterogeneous structure of the tissue sample, as the topmost tissue has a dominant impact on the measured properties [17] . Therefore, while the measured relative permittivity is a linear combination of each individual tissue's relative permittivity for any given sample, the specific linear combination changes based on the sample composition (in this case, based on the thickness of Tissue 1, t 1 ). In other words, these equations do not assume or imply that is linearly related to t 1 .
SAMPLE VOLUME CONTRIBUTION
The measured dielectric properties are a result of the tissues present in the bulk tissue sample and the relative distributions and proportions of these tissues. In this section, we look at the proportion of the bulk tissue sample volume that is occupied by each tissue (regardless of distribution). The volume occupied by each tissue is a known fixed value and is independent of whether or not the tissues at different depths contribute to the dielectric measurement proportionally.
The volume of the bulk tissue sample that is occupied by Tissue 1 is given by: ,
where the dimensions are as indicated in Figure 5 . Similarly, the volume of the bulk tissue sample that is occupied by Tissue 2 is: .
The total volume of the bulk heterogeneous sample is given by: .
The weight of volume occupied by each tissue is calculated as the ratio of that tissue's volume to the total sample volume. By using this ratio, and combining equations (5), (6) , and (7), we obtain: ,
,
where and are the weights of the volume-wise contributions of Tissue 1 and Tissue 2, respectively, to the total sample volume. From equation (9), it is evident that the weight is linearly dependent on tissue thickness , as: ,
and similarly for .
MEASUREMENT RESULTS
In this section, the experimental results are presented. First, examples of dielectric data collected with the measurement set-up are plotted for a large range of t 1 values. Then, the weights of contribution of Tissue 1 and Tissue 2 to the measured dielectric properties are calculated, along with the weights of volume occupied for each tissue.
Throughout, the results focus on the two scenarios that exclusively involve biological tissues (S4 and S5). Further, S1, with acrylic in water, is also discussed in detail because it represents a very highly controlled scenario: the acrylic has no elasticity, and the dielectric properties remain stable over time and temperature. Therefore, it provides a useful test scenario.
MEASURED DATA
In this section, the collected data from two example scenarios are presented. Data from the other scenarios follows similar trends. First, the relative permittivity and conductivity of S1, acrylic and water, are plotted in Figures 6 and 7 , respectively. This measurement provides an example of a high contrast scenario.
Next, the relative permittivity for S5, duck fat and porcine fat, is plotted in Figure 8 , demonstrating a low contrast scenario. For both high and low contrast scenarios, the measurement trends are the same. When t 1 = 0, the measured permittivity is equal to that of Tissue 2 exclusively, and when the probe is far from Tissue 2, i.e., t 1 is sufficiently large, the measured permittivity is equal to that of Tissue 1 exclusively. As t 1 increases from 0 mm (the point at which the probe is in contact with Tissue 2), all permittivity values between those of Tissue 1 and Tissue 2 may be obtained.
CALCULATION OF WEIGHTS
Next, we calculate the weights of contribution to the dielectric data, and as in equations (3) and (4), and the weights of volume occupied, and as in equations (8) and (9), across all t 1 in a given scenario, and plot them side-by-side for ease in comparison.
The weights for Tissue 1 of S4 (porcine muscle and duck fat) are plotted in Figure 9 . This data is obtained at 300 MHz; however, as noted in Section 2.3, the Histology Region, and thus the weights of volume occupied, are quite constant over frequency for this scenario. Similarly, the weights for Tissue 2 of S4 are plotted in Figure 10 . As expected, the weights for Tissue 2, are equal to one minus the weights for Tissue 1, thus the curves in Figure 10 have the inverse trend relative to those of Figure 9 . From Figures 9 and  10 , it is clear that the weights of volume occupied and ) are linearly dependent on t 1 , as known from equations (7)- (9), up to the point where . Further, the weights of contribution to the dielectric data ( and ), are not linear with respect to t 1 , instead appearing to have an exponential trend. In this plot, each trace corresponds to a unique value for t 1 . When t 1 = 0 mm, the measured relative permittivity is equal to that of Tissue 2 exclusively; when t 1 = 13.93 mm, the measured relative permittivity is equal to that of Tissue 1 exclusively. As with the materials in Figure 6 , the magnitude of the relative permittivity decreases monotonically as t 1 increases. The units of t 1 are mm. The maximum standard deviation (across all traces) is 2.5. Next, in the same way as above, the weights for Tissue 1 of S5 (porcine fat and duck fat) are plotted in Figure 11 . As the weights for Tissue 2 can be inferred from Figure 11 , they are not plotted. As with S4, and as expected, the weights of volume occupied are linearly dependent on t 1 . However, the weights of contribution to the dielectric data follow an sshaped curve.
For the remaining three scenarios, the curves of weights of volume occupied and weights of contribution to the dielectric data follow similar trends either to those shown in Figure 9 or in Figure 11 . Importantly, if the histology depth is assumed constant, then the weights of volume occupied are the same regardless of which tissue types are involved, while the weights of contribution to the dielectric data are independent of the histology depth. Next, the difference between the two types of weights is investigated. This difference is examined since, historically, studies have assumed that there is no difference between these values. Therefore, assuming that the two weight values are equal could be a factor that adds error to dielectric measurements of heterogeneous tissues.
The difference in weights for both Tissue 1 and Tissue 2 is plotted for S4 in Figure 12 and for S5 in Figure 13 . In Figure 12 , for each t 1 , the magnitude of the difference between the two weights for Tissue 1 is equal to the difference between the weights for Tissue 2. The maximum difference between the two types of weights is 0.63, at t 1 = 0.87 mm. If these weights were assumed to be equal in a dielectric study, then an error of 0.63 between them is is significant, as it indicates that the majority tissue type that contributes to the dielectric measurement is not correctly identified. In Figure 13 , the maximum error between the weights for S5 is 0.26, and occurs at t 1 = 1.84 mm. The difference in weights follow similar trends for the other scenarios. From these results, it is clear that the weights for dielectric contribution do not correspond well with the volume occupied. In all scenarios, there is a significant mismatch between the percent of volume occupied by a tissue and the percent that that tissue contributes to the measured dielectric properties. There is no linear relation between the volume occupied of a tissue and the dielectric contribution of that tissue to the measured data. Further, making the assumption that these are equivalent can lead to significant errors of up to tens of percentage points, depending on the measurement scenario. In the next section, we provide a model that enables a good match between the volume occupied and the contribution to the dielectric data.
MODELING
In this section, we model the relationship between the volume occupied by the tissues in the bulk sample and their contribution to the dielectric measurement of that sample. More specifically, we identify an equation that describes the contribution of the tissues to the dielectric data for all measurement scenarios, and link this to the volume of the tissues within the sample.
The weights of contribution to dielectric properties, and , appear in Figure 9 to follow a bounded exponential curve, while in Figure 12 they follow an sshaped curve. Thus we have identified the logistic function as being a good candidate to fit both of these data sets, as it provides the combination between the exponential and bounded exponential curve characteristics of the s-shaped curve.
The weights of contribution of Tissue 1 and Tissue 2 to the dielectric data depend on the thickness of Tissue 1 (t 1 ), i.e., they depend on the bulk sample composition. Thus, the model that represents these weights must also be dependent on t 1 . The models for the weights are given by:
(11) and (12) where gives the steepness of the curve and defines the midpoint of the s-shape. For both models, the bound, i.e., the numerator of the fraction, is taken to be 1 since this is physically the maximum value that either of the weights can attain (each tissue can only contribute up to 100% of the dielectric properties). Finally, the relative permittivity can be calculated using this model as: , (13) in a similar manner to that shown in equation (1) .
Using equations (11) and (12), models are fitted to the weights for each scenario at both the lowest and highest measured frequencies. The data is fitted using nonlinear least squares to minimize the error between the measured data and the model.
As an example, the weights for S4 are plotted in Figure 14 along with the best fit model. In this case, the logistic provides a high quality fit with a mean error of only 0.01. The best fit parameters for are the same as those for , however the shape of the curve is inverted. Next, Figure 15 summarizes the resulting models, while Table 3 provides a summary of the obtained best fit parameters and , and fit error, for each scenario. In all scenarios, the fit error is low. Further, from Figure 15 , it is evident that the and parameters vary widely across measurement scenarios, as in some cases the curve for weight of contribution of Tissue 1 to the dielectric measurement increases quickly with increasing t 1 , while in other cases the increase is more gradual. It is also found that for some measurement scenarios, namely S1 (acrylic and water) and S2 (duck fat and phantom), there is very little dependence of the weights on frequency. For S4 (muscle and duck fat) and S5 (porcine fat and duck fat), the weights for each t 1 change only slightly with frequency. In S3 (saline and phantom), however, there is a significant change with frequency. As discussed in Section 2.2, the material properties in S3 are dispersive in such a way that the material that has a higher magnitude permittivity at 300 MHz is the one that has a lower permittivity at 8.5 GHz. In other words, a cross-over in the dielectric properties occurs partway through the frequency range, significantly altering the dielectric contrast between the materials cross the band. For this reason, the contribution of Tissue 1 to the dielectric measurement changes with frequency more than in any other scenario. This characteristic of the materials involved in S3 demonstrates that it cannot always be assumed that the weights will be constant with frequency. 
DISCUSSION
We next examine the point at which both Tissue 1 and Tissue 2 contribute equally to the dielectric measurement. From the literature [17] , and confirmed in Section 3, we know that the tissues do not contribute equally to the dielectric measurement when t 1 = t 2 , as the layer of material closest to the probe tip dominates the measurement. In Table 4 , the thicknesses of Tissue 1 at which equal (50-50) contribution to dielectric properties occurs is listed for all scenarios. For S1, at the point where the tissues contribute equally to the dielectric properties, the thickness of the two tissues are the closest to equal at 300 MHz, with t 1 = 0.75 mm and t 2 = 0.85 mm. For the same frequency with S2, S3, and S4, the thickness of Tissue 1 is 1.5 to 6 times smaller than that of Tissue 2 when the tissues contribute equally to the dielectric properties. However, for S5, the thickness of Tissue 1 is larger than that of Tissue 2 when they contribute equally to the dielectric data, likely due to the low contrast and similar properties between the two tissues.
Significantly, the thickness of Tissue 1 when the 50-50 contribution occurs varies widely across measurement scenarios. For example, when the t 1 value is large enough to reach the 50-50 contribution point in S5, all of the other measurement scenarios are at 100-0 contribution (i.e., Tissue 1 is the only tissue that contributes to the dielectric properties, and the dielectric properties of Tissue 2 do not impact the measurement result). This finding indicates that it is not reasonable to assume a single logistic curve with the same parameters for all measurement scenarios, as this would introduce large errors in assigning the dielectric properties to the tissues that have contributed to them. In order to verify the accuracy of using the modelled weights to calculate the relative permittivity, we apply equation (13) with the model weights and obtain . This calculated permittivity is then compared to the measured relative permittivity (1) . The results are shown in Table 5 . For all scenarios and frequencies, the error between the calculated and measured relative permittivity is at or below the measurement uncertainty. This result confirms that the model is an accurate representation of the measured dielectric data. Therefore, using these models, one can predict what the measured permittivity will be based on knowledge of t 1 , or predict t 1 based on the measured permittivity. However, the prediction is only accurate if the types of materials involved in the tissue sample is known, allowing us to determine the model parameters and . For this reason, this simplified model is only the first step towards the development of a comprehensive model, which will relate d h , , and to factors that influence the ability of the coaxial probe to measure heterogeneities at different depths, namely, the attenuation of the electromagnetic signal within the tissues, the noise floor of the measurement system, and the power of the transmitted electromagnetic signal. Thus, these results may be treated as a stepping stone towards the development of more complex models that map the relationship between heterogeneous tissues (both radially and longitudinally) and measured dielectric properties. This work has provided a much needed deeper understanding of how longitudinal heterogeneities within the histology depth impact the dielectric measurement, and quantified the nonlinear relationship between these variables.
CONCLUSION
In this work, the impact of tissue heterogeneities on the dielectric measurement of biological tissues was investigated. Specifically, measurements were performed on heterogeneous samples composed of layers of two materials types, with varying thickness of the top material. For materials including standard liquids, phantoms, and muscle and fat tissue, the weight of the contribution of each tissue to the measured dielectric data was calculated. The relative volume occupied by each tissue, within the bulk sample, was also calculated. These two values were compared, and it was found that the relationship between the volume occupied by the tissue and the contribution of the tissue to the dielectric measurement is nonlinear. Finally, a model was developed that relates the tissue thickness (and thus volume) to the dielectric contribution. This work provides a step towards being able to predict the dielectric measurement based on histology of a heterogeneous tissue sample, and vice versa. This goal is vital to achieving accurate dielectric measurements of heterogeneous tissues, which are strongly needed by the electromagnetic medical device community.
